GLOBAL EXISTENCE AND UNIQUENESS FOR A NON LINEAR 
BOUSSINESQ SYSTEM IN DIMENSION TWO 
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J, , Abstract. We study the global well-posedness of a two-dimensional Boussinesq system 

C^ ' which couples the incompressible Euler equation for the velocity and a transport equation 

with fractional diffusion of type |D|" for the temperature. We prove that for a > 1 there 
exists a unique global solution for initial data with critical regularities. 

(N 
(N 

<^ ■ 1. Introduction 

r^ [ In this paper, we study the two-dimensional Euler-Boussinesq system describing the phe- 

C^ ' nomenon of convection in an incompressible fluid . This system is composed of the Euler 

equations coupled with a transport-diffusion equation governing the evolution of the den- 
sity. This system is given by 
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' dtv + vVv + Vp = F{d) 

divf = 

v\t=o = v°, (9|i=o 



,0 fl, „ _ qo_ 



en . Above, V = v{x, t) G E?, denotes the velocity vector-field, p is the pressure and 6 = 9{x, t) 

~^ \ is the temperature . The function F{6) = {Fi{9),F2{9)) is a vector -valued function such 

that F £ C^ and F{0) = 0, a is a real number in ]0, 2] and the nonnegative parameter k 
denotes the molecular diffusivity. The fractional Laplacian |D|" is defined in a standard 
way through its Fourier transform by 



iDi"/(o = ier/(0- 

The system (jl.ip generalizes the classical Boussinesq system where F{9) = (0,9). It is a 
special case of a class of generalized Boussinesq system introduced in [3]. 
Before discussing the mathematical aspects of our model with general F we will first focus 
on the special case F{9) = (0, 9) and review the most significant contributions in the 
theory of global existence and uniqueness. We note that in space in dimension two the 
vorticity to = div^ — d2V^ satisfies the transport-diffusion equation 

dfU + V ■ Vuj = di9. 

It is well-known that a Beale-Kato-Majda criterion [5] can be applied to our model and 
thus the control of the vorticity in L°° space is a crucial step to get global well-posedness 
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results with smooth initial data. Now, by applying a maximum principle we get 

||w(t)||L=o < ||(:j°||l°° + / 1 1 9i 6* (r) 1 1 LOO dr. 

The difficulty is then reduced to estimate the quantity Jg \\di9{T)\\L'^dT and for this pur- 
pose the use the the smoothing effects of the transport-diffusion equation is crucial espe- 
cially for sub-critical dissipation, that is a > 1. 

For the full viscous equations i.e when k > and a = 2, the global well-posedness problem 
is solved recently in a series of papers [HJ [TTl [15] . 

In [8], Chae proved the global existence and uniqueness for initial data {v^ , 6^) G H"^ x H^ 
with s > 2. This result was extended in [T3] by Hmidi and Keraani to initial data 

-+i -—1 

v^ S -Bp ;^ and 6^ € i^i" -^ n U , with r e]2, oo[. Recently the study of global existence of 

Yudovich solutions has been done in 1111. 



For more weaker dissipation that is 1 < a < 2, global well-posedness results have been 
recently obtained. Indeed, the subcritical case 1 < a was solved by Hmidi and Zerguine 

„ 1 + - „ -0+1 + -^ 2 

[13] with critical regularities i.e v € B ,^ and ^ B . ^ r\ U , ^^^^ < r < oo. 
They used the maximal smoothing effects for a transport-diffusion which can be roughly 
speaking summarized as follows: for every < e < 1 

\\d\\L\c^-^ < Co(l + i + \\^\\l\l^)^ 

with Co a constant depending on the size of the initial data. The critical case a = 1, is 

more subtle because the dissipation has the same rate as the possible amplification of the 

vorticity by di9. In [17], Hmidi, Keraani and Rousset gave a positive answer for global 

wel-posedness by using a hidden cancellation given by the coupling. 

The main goal of this paper is to extend the results of |13] for general source term F{9).0xn: 

result reads as follows (see section 2 for the definitions and the basic properties of Besov 

spaces). 

1+2 

Theorem 1.1. Let {a,p) €]1, 2]x]l, cx3[, v^ € B i'' be a divergence free vector-field ofM?, 

9^ ^ B ^ ^ f] L°° and F G C^(M, M). Then there exists a unique global solution {v,9) 
for the system (jl.l|) such that 

V G C(]R+; bI'^/) and 9 G LZ{^+; B^^^'"''^ D L^) D LL(M+; Lip) 

If we take ^ = 0, then the system (II. ip is reduced to the well-known 2D incompressible 
Euler system. It is well known that this system is globally well-posed in LI'^ for s > 2. 
The main argument is the BKM criterion [5] ensuring that the development of finite -time 
singularities is related to the blow-up of the L°° norm of the vorticity and in that case the 
vorticity is only transported by the flow. However the global persistence of critical Besov 

regularities v G B ^^^ can not be derived from BKM criterion from. This problem was 
solved in |21] by Vishik and his crucial tool is a new logarithmic estimate which can be 
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formulated as follows: 

11/ o 5-1b^_^ < C(l + logdl V^IIl- II V^-^L-)) ll/bo^^^, 

with / G B^ I, g is a C^- diffeomorphism preserving Lebesgue measure and C some 
constant depending only on the dimension d (see Theorem 4.2 in [21] p-209 for the proof). 

ri -I- —1 4-2 K 

Remark 1.2. In the above theorem, we can take F (^O p' instead of F € C . 

On the other hand if we assume that F £ C^, then we can replace the assumption 6^ £ L°° 

by 6"° G L*" , ^ < r < oo. 

Let us now discuss briefly the difficulties that one has to deal with. The formulation 
vorticity-temperature of the system (jl.ip is described by, 

dtUj + vVuj = di{F2{e)) - d2{Fi{e)) 

Taking the L^-scalar product we get successively 

II'^WIIl^ <||a;0||i2 + ||VF||Loo j ||V0(T)||i2(iT 

^0 



and 



\m)\\h + \\omi.^^ <\\o'\\h- 



We observe that one can take benefit of these estimates only for a = 2 in which case 
we get a bound for uj in L^^(M+,L2) and a bound for 6 in L^^(]R+,L2) n Lf^^{m.+ ,H^). 
However for 1 < a < 2, there is no obvious a priori estimates for the vorticity and we will 
use the idea developed in [13] consisting in the use of the maximal smoothing effect of the 
transport-diffusion equation. 

The plan of the rest of this paper is organized as follows. In section [2] we detail some basic 
notions of Littlewood-Paley theory, function spaces and we recall some useful lemmas. We 
prove in section [3] some smoothing effects about a transport-diffusion equation which we 
need for the proof of our main result. The proof of our main result is given in section HI 
Finally we prove in an appendix the generalized Bernstein inequality. 

2. SOME DEFINITION AND TECHNICAL TOOLS 

In this preliminary section, we are going to recall the so-called Littlewood-Paley operators 
and give some of their elementary properties. It will be also convenient to introduce some 
function spaces and review some important lemmas that will be used later. 
We denote by C any positive constant than will change from line to line and Co a real 
positive constant depending on the size of the initial data. We will use the following no- 
tations: 

• For any positive A and S, the notation A < B means that there exists a positive con- 
stant C such that A ^ CB. 

• We denote by W^'^ with 1 < p < oo the space of distribution / such that V/ G L^ (see 
section H]) . 
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First of all, we define the dyadic decomposition of the full space M and recall the 

Littlewood-Paley operators (see for example [6]). 

There exists two nonnegative radial functions x ^ 'Di^) and ^p G P(M^\{0}) such that 

(1) x(o+E^(2-''e) = i, veGM^ 

(2)^^(2-^0 = 1, v^eMMo}, 

(3) \p-q\>2^ supp (/?(2-P-) n supp (/9(2-9-) = 0, 

(4) g > 1 =^ supp X n supp V3(2-^-) = 0. 

Let h = T^^ip and /i = T^^x-, the frequency localization operators Ag and 5q are defined 
by 

A,/ = (^(2-^D)/ = 225 / /i(2^y)/(x-y)dy for O 0, 

V = x(2^^D)/= J] Apf = 2^'ifhi2'^y)f{x-y)dy, 
-i<p<g-i ^^ 

A„i/ = 5o/, A,/ = for q < -2. 

It may be easily checked that 

/ = ^A,/, V/e5'(IR2). 



Moreover, the Littlewood-Paley decomposition satisfies the property of almost orthogo- 
nality: 

ApAJ = if \p-q\^2 

Ap(5g_iA,/) = if \p-q\>5. 

Let us note that the above operators Ag and Sq map continuously L^ into itself uniformly 
with respect to q and p. We will need also the homogeneous operators : 

yqeZ Aqv = <f{2-'^B)v and SqV = ^ ApV. 

p<q-l 

We notice that Ag = Ag ,V g € N and Sq coincides with Sq on tempered distributions 
modulo polynomials. 

We now give the way how the product acts on Besov spaces. We shall use the dyadic 

decomposition. 

Let us consider two tempered distributions u and v, we write 

u = y^AqU and v = y^Aqiv 

q q' 

UV = 2^ AqUAqiV. 
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Now, let us introduce Bony's decomposition see [3j. 

Definition 2.1. We denote by T^v the following bilinear operator : 

q 
The remainder of u and v denoted by R{u, v) is given by the following bilinear operator : 

R{u,v) = y^ AqUAqiV. 

l9-g'Ki 
Just by looking at the definition, it is clear that 

uv = TuV + TyU + R{u, v). 
With the introduction of Ag, let us recall the definition of Besov space, see [6]. 

Definition 2.2. Let s G M and 1 < p, r < +oo. The inhomogeneous Besov space B^^ is 
defined by 

5p,r = {/e5'(M2): 11/11^.^^ <oo}. 

Here 

We define also the homogeneous norm 

The definition of Besov spaces does not depend on the choice of the dyadic decomposition. 
The two spaces H'^ and -B| 2 are equal and we have 

^I^I^Mbi, < Mh^ < c\'\+^\\u\\bi^. 

Our study will require the use of the following coupled spaces. Let T > and p > 1, we 
denote by Lj,Bp,^ the space of distributions / such that 






(2^^I1AJ||l.] 






< +00. 



Besides the usual mixed space L^Bp^, we also need Chemin-Lerner space L!^Bpj. which 
defined as the set of all distributions / satisfying 

ll/lljp^. :=||(2^^||A,/||^P^,),||,,. <+oo. 

The relation between these spaces are detailed in the following lemma, which is a direct 
consequence of the Minkowski inequality. 

Lemma 2.3. Let s E M, e > and {p,r,p) € [l,+oo]'^. Then we have the following 
emheddings 

L^B'p^^ ^ L^B'p^^ ^ L^B'p^/ if r ^ p. 

L^r^B'pp ^L^r^Bl^^ LP^B^^ if p>r. 
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A further important result that will be constantly used here is the so-called Bernstein 
inequalities (for the proof see [6] and the references therein) which are detailed below. 

Lemma 2.4. There exists a constant C > such that for every g' € Z , /c S N and for 
every tempered distriubution u we have 

sup Wd'^SquWLb ^ C^"2''('=+2(^~i)) \\Squ\\La for h^a-^l 

\a\=k 

C-''2'i^\\\u\\L- ^ sup ||a°AgM||La s^C^'2«'=||Ayn||La. 

\a\=k 

Notice that Bernstein inequalities remain true if we change the derivative 9° by the frac- 
tional derivative |D|". We can find a proof of the next Proposition in [U] which is an 
extension of 



Proposition 2.5. Let {p,r) £ [l,cx)]^, v be a divergence free vector-field belonging to the 
space L;^Q^(M_|_;Lip(R^)) and let a be a smooth solution of the following transport equation, 

dta + V ■ Va = / 



If the initial data a^ G Bpri then we have for all t € M+ 

< (ll«°b^ + WfWziBoJ (l + r \\yv{r)\\L^dr 






We now give the following commutator estimate which proved in 

Proposition 2.6. Let u be a smooth function and v be a smooth divergence- free vector 
field ofM? with vorticity uj := curlv. Then we have for all q ^ —1 

\\[Aq,v ■ V]ii||Loo < \\u\\lo° (||VA_it;||Loc. + {q + 2)\\u}\\loc) . 

We recall now the following result of propagation of Besov regularities which is discussed 
in [6]. 

Proposition 2.7. Let v be a solution of the incompressible Euler system, 

dtv + v ■ Vv + Vp = /, v\t=Q = V , dwv = 0. 

Then for s > —1, (p, r) g]1, cx3[x[1, oo] we have 

with V{t) = ||Vt;||2,i/,oo. 

To finish this paragraph we need the following theorem which give the action of smooth 
functions on the Besov spaces -Bf,., (see [2] for the proof). 

Theorem 2.8. Let F G C'*^^^ , s a positive real number and F vanishing at 0. Ifu belongs 
to Bp^^. n L°^, with {p, r) G [1, -|-oo]^, then F o u belongs to B^^^ and we have 

\\Fou\\b;^^^Cs sup \\F^'^'^+\x)\\l^\\u\\bs^^^. 

\x\<C\\u\\i^ao 
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3. AROUND A TRANSPORT-DIFFUSION EQUATION 

In this section, we will give some useful estimates for any smooth solution of linear 
transport-diffusion model given by 

^^■^^ { 0\t=o = 0'. 

We will discuss two kinds of estimates : L^ estimates and smoothing effects. 
The proof of the following L^ estimates can be found in [7]. 

Lemma 3.1. Let v be a smooth divergence free vector-field of M? and 9 be a smooth 
solution of the equation ()3.ip . Then for every p € [1, oo] 

mt)\\Lr^\\0''\\Lr+ f\\f{T)\\L.dT. 

Jo 
We give now the following smoothing effects which is proved in |13| . 

Proposition 3.2. Let p € [l,c»],s > —1 and v be a smooth divergence free vector-field of 
M^. Let 6 be a smooth solution of ()3.ip . then 

with, 

V{t)'M f\\Vv{T)U^dr, Ut)=^\\'^0mL-Ht)\\B;,l[iMi'). 
Jo 

We intend to prove the two following smoothing effects. One is detailed below. 

Proposition 3.3. Let v be a smooth divergence free vector-field of M? with vorticity uj 
and 8 be a smooth solution of ()3.ip . Then for every r S [2, oo[, there exists a constant C 
such that for every p > 1 , g G N and t € M_|_ 

Moreover for g = — 1, we have 

||A_i^||^Pi,. <Ctp(||A_i0O||L. + ||^0||loo / \\u{T)\\LrdT+ [ \\f{T)\\LrdT). 

Jo Jo 

Proof. We start with localizing in frequencies the equation of 9: for g G N we set 9q := Aq9. 
Then 

(3.2) dt9g + vV9g + lore, = - [A„ vV]9 + A J. 

Multiplying the above equation by \9q\^~^9q, integrating by parts and using Holder in- 
equality, we get 

-TM\\lr+ f (|Dr0,)|e,r-V^< ||0,|r^7i||[A„«.V]0||i,- + ||e,||^7iA,/||i.. 
r at j]g2 
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Using the following generalized Bernstein inequality see the appendix, 

VKr , c2'?°||^,||^. < / {\B\''e,)\e,r^e,dx, 

Jr'2 
where c depends on r. Inserting this estimate in the previous one we obtain 

ljt\\(^M\lr + c2'^^9,{tWLr < ||^,(t) 11171 [A„ t; • V]^(t)||i. + \\6,{t)\\l~'\\AJ{t)Ur. 

This implies that 
d 
di 



e.mLr + c2n\0M\Lr < \\[\,V V]^(t)||i. + \\AJit)\\Lr. 



We multiply the above inequality by e^*^'" , we find 

(3.3) |(e^*2^1|0,(t)|U.)<e^*2-||[A„..V]e(t)||^.+e^*2'"||A,/(t)||i.. 

To estimate the right hand-side, we shall use the following Lemma (see |17j for the proof 
of this Lemma) . 

Lemma 3.4. Let v be a smooth divergence- free vector field and 9 be a smooth scalar 
function. Then for all p S [1, oo] and q ^ —1, 

\\[A„v ■ V]9\\lp < \\Vv\\lvP\\l^- 
Combined with ()3.3p this lemma yields 

|(e'=*^^1l^.(i)llL-) < e^'''''\\Vv{t)Ur\\9mL^+e'''"'\\m\\Lr 

< e^''''-Mt)\\Lr\\9^L^+e'^''"'\\fmLr, 
we have used in the last line Lemma |3. II and the classical fact 

I|Vu||lp < \\u}\\lp Vp g]1, oo[. 
Integrating the differential inequality we get 

ll^,(i)llL.- < ll^°llL^e-*2'" + ||0°||io. [\~<^~-)''-Mr)hrdr+ f e~<'~^)^'''\\f{r)Urdr. 

Jo Jo 

By taking the -^''[0, t] norm and using convolution inequalities we obtain 

'^''^\\9,\\^Lr < \\9^4Lr + \\9'\\L^ [ \HT)\\LrdT+ [ \\fiT)\\LrdT 

Jo Jo 

< \Khr + \\9°\\L^MLlLr + \\f\\LlLr- 

This is the desired result for (7 G N. 

For q = —1, we apply the operator A_i to (j3.ip . we obtain 

dtA^i9 + v ■ VA_i0 + |D|"A_i0 = - [A_i, t; ■ V]9 + A_i/. 
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Taking the U norm and using Lemmas 13.11 and 13.41 we get 

||A_i^||l,. < ||A_ieO||L. + / \\[^^i,vV]e{T)\\LrdT+ I ||A_i/(r)||L'-dr 

Jo Jo 

< ||A_i0O||l,. + [ \\Vv{T)\\LrmT)\\Lo^dT+ [ \\f{T)\\LrdT 

Jo Jo 

<||A_i0O||L. + ||^O||ioo / \\u;{T)\\LrdT+ [ \\f{T)\\LrdT. 

Jo Jo 

By taking the L''[0,t] norm and using Holder inequality, we obtain finally 

WA^lOW^Lr <tH\\A^ie^\\Lr + We'hoo [ ||^(r)||L.dr+ / \\f{T)\\LrdT). 

Jo Jo 

This is the desired result. D 

The second smoothing effect is given by the following Proposition. 

Proposition 3.5. Let v be a smooth divergence free vector-field o/ M^ with vorticity oo. 
Let 9 be a smooth solution of (j3.ip . Then we have for g ^ — 1 and for t G M+ with [/ = 0], 

2-?" / ||A,0(T)||Loodr<||0O||Loc,(l + t + ((/ + 2)11^11^1^00 + ||VA_it;||ii^oo). 

Proof. The idea of the proof will be done in the spirit of |12] . First we prove the smoothing 
effects for a small interval of time depending of vector v, but it depend not of the initial 
data. In the second step, we proceed to a division in time thereby extending the estimate 
at any time arbitrarily chosen positive. 

3.1. Local estimates. We localize in frequency the evolution equation and rewriting the 

equation in Lagrangian coordinates . 

Let (7 € N, then the Fourier localized function 9q := Aq9 satisfies 

(3.4) dt9g + Vl^ • V0g + jOr^, = {Sg^lV - V) ■ S/9g - [Ag,V ■ V]9 := hg. 

First, we shall estimate the function hq in the space L°°, for the first term we have 

\\{Sq-lV -V) ■V9q\\L^ < \\Sq-lV - v\\L^\\V9q\\Loo 

< Yl WAjVU^l^pqU^ 

< llflOi 



r-^ 



\l°° \\'-^\\l° 



We have used Holder inequality. Lemma 12.41 and the result 

||Ajt>||2,p « 2^-'||Aju;||lp , \/p£[l,oo] and j G N. 
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For ||[Aq,f • V]^||lcx), we use Lemma [3TT] and Proposition 12.6^ then 

\\[\,v- V]9\\l^ < \\e^\\L^(\\VA_iv\\L^ +{q + 2)\\uj\\l^\ 

This impHes that 

||^(t)||L- < \\{Sg_iV-v)-V9g\\L^ + \\[Ag,vV]e\\L^ 
^ ||^°||l-M|VA_iw||loc +{q + 2)\\u\\Looj. 

Let us now introduce the flow ipg of the regularized velocity Sg^iv, 

'ipq{t,x)=X+ Sg^lv{T,'lljq{T,x))dT. 



'0 

We set 

Og{t,x) = 0g{t,'ipg{t,x)) aud hg{t,x) = hg{t , tpg{t , x)) . 

Then we have 

(3.5) dt9g + \B\% = hg+ \Br{eg O ^^ g) - {\Bf 9 g) O ^J g -.= hg + h] . 

Let us admit the following estimate proven in |13j 

(3.6) mriego^l^g) - (|D|%)oV^,||ip <C7e^^''(*Vg(t)2"'?||e,||iP , VpG [l,oo], 

where Vq{t) = / ||VS'q_it;(r)||i^oo(ir. 

Jo 
Now, since the flow ipg preserves Lebesgue measure then we get by (|3.6p 

||/i^(t)||^^<Ce^^''Wl-,(t)2"''||^,||i^. 

Now, we will again localize in frequency the equation (j3.5p through the operator A^, 

dtAjSg + |D|°A/g = Ajhg + Ajh]. 

Using Duhamel formula 

A,^,(t,x) = e-*|i^l"A,^o+ re-(*--)l°l"A,/i,(r)dr+ f e-^'~^^\''\" A,h\{T)dT. 

Jo Jo 

At this stage we need the following lemma (for a €]0, 2[ see [16] ). 

Lemma 3.6. There exists a positive constant C such that for any u G L^ withp E [1, +cx)] 
for any t,a £ M+ and any j £ N, we have 

||e-*l^l"A,n||LP<C7e-'=*2-||A,n|Up. 
Where the constants C and c depend only on the dimension d. 
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Combining this estimate with Duhaniel formula yields for every j G N 

\\e-{i-rm" ^■h^{r)\\L^ < Ce-^(*--)2- (\\s,,^^y _ „) . y^.H^^ + \\[Ag,v ■ V]9\\l^\ 

This implies that 

||e-(*--)|DrA,/i,(r)||Loo<e-^(*--)2^'^||^0||i^('||VA_ry||Loo + (g + 2)||^|Uoo') 
and 

Therefore 

Jo 

+ (g + 2)||0°||Loo / e-^(*-^)2^"||w(r)||Loodr 
Jo 

Jo 
Integrating in time and using Young inequality, we get for all j G N 

W^Mljl^ ^ 2-^"(||A,^0||i^ + (g + 2)||eO||L^||..||^i^oc 

(3.7) + ||0°||Loo||VA_rH|^i^oo) +2('?-^>e^^''Wv,(i)||0,||^i^^. 

Let now A^ G N be a fixed number that will be chosen later. Since the flow ipq preserves 
Lebesgue measure then we write 

2^"ll^gllLiL°° = 2^"ll^gllLiL°° < 2'?° ( ^ ||Aj^g||^i^^ + ^ ||Aj^g||^i^^ j 

:= I + 11. 

If g ^ TV, then it follows from ([SZD, 

I < E 2(''-^>('||A,^O||i^ + ||0''||i^((g + 2)||a;||^i^o. + ||VA_iHlLiL-)) 

|j-g|<7V ^ ^ 

+ E 2('?-^>y,(t)e^^'W2'?"||0,||^ii^. 

|i-g|<Ar 

Thus 

I <ll^°llL-+2^°||e°||L-((9 + 2)11^11^1^00 + ||VA_i7;|l^i^.o)+y,(i)e^^''W2^"2^"||e,||^iioo. 



To estimate II, we use the following result due to Vishik [21] 

||A,0"J^, <2-l''-^'le^^''W||0g||iP ,VpG [l,cx)]. 
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Thus 

II = 2"" Y. W^MlIl^ 

\j-q\^N 
|J-9|;^A^ 

We have then 

s^^II^.IIljl- < II^°IIl- + 2^°||0°||l- ((g + 2)11^11^1^00 + ||VA_rH|^i^c 
+ l^g(t)e^^''W2«"2^°||0g||^iioo +2-^e^^«W2«"||^g||^iico. 
For low frequencies q < N, we have 

09CK IIZ) II <^ nNa \\n\\ 

^ lFgllLjL°° ri ^ lrllLlL°°- 

Therefore we get for g ^ — 1 

S'^II^.IIlIl- < C-II^Ollioo + C2^"||^||^i^.. + C2^"||e0||ioo ((g + 2)||a;||iii.o + ||VA_iz;||ii^c 
+ C (y,(t)e^^''W2^° + 2-^e^^«W) 2'?"||e,||^ii... 

Now, we claim that there exists two absolute constants A^ € N and Ci > such that if 
Vqit) < Ci, then 

T/,(t)e^^''W2^" + 2-^e^^''W < 4^- 

To show this, we take first t such that Vq{t) < 1, which is possible since lim Vq{t) = 0. 

i-i>0+ 

Second, we choose N in order to get 2~ e < j^. By taking again Vq{t) sufficiently small 

we obtain that Vq{t)e'^^''^^h^"' < ^. 

Under this assumption Vq{t) < Ci, we obtain for q ^ —1 

(3.8) 2'^^\\eq\\LiL^ < wehiL- + \\e'>\\L^ (i + (? + 2)||^||^i^oc + ||va_i^||^i^oo) . 

We use Holder's inequality and Lemma [XT] for ||^||/,i/,cx>, we get H^H^iloo < i||^'^||L°°- 
Hence 

2'^"||^g|lLjLoo < ||^°||l- (l + t + {q + 2)||a;||iiioo + \\VA_iv\\liloo) ■ 

Therefore the result is proved for small time. 

3.2. Globalization. Let us now see how to extend this for arbitrary large time T. We 
take a partition (Tj)^£q of [0, T] i.e = Tq < Ti < ... < Tm = T and such that 

\\VSq^iv{t)\\L^dtaCi ,yi£[0,M]. 
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Reproducing the same argument in (13. 8p we find in view of ||0(Tj)||j;,oo < ||0'^||lo 

s''" / '^' WOMlL^dt < [ '^' \\e{t)\\L^dt + we'^u^ 

Jt, Jt, 

+ ll^°l|L-(g + 2) / \\uj{t)\\Loodt 

J Ti 

(■Ti+i 

+ 11^ IIl°° / ||VA_iu(t)||Loodi. 
Summing these estimates of to M, we get 

As M f^ Vg{t), tlien 

+ II^°IIl- Uq + 2)||w||l^loc + \\VA_,v\\li,l^J . 
From the definition of the operator Sg^i, we have then 

Sg-lV = ^ ApV 

-i<p<g-2 
= A_iv + ^ApV. 

p=0 
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Thus 



5-2 

||V5g_iu||ioo < ||VA_iv||loo + \^ ||VApf lli^oo 

p=0 
q-2 

< \\VA-iv\\l°° + Cy^\\ApUj\\L<x 

< ||VA_iu||loo +C(g- l)||a;||Loo. 



\ II V ^A_ix;||/^oo -t '~^\q 

We have used Bernstein inequality and the classical result 

||Agv||LP Ri 2"''\\AgLo\\LP , Vp e [l,oo]. 

Therefore 

\\VSg^iv\\L^ < ||VA_i-u||loo + {q + 2)\\uj\\L^, 

then inserting this estimate into the previous one 

^nO,\\L},L^ < WO'Wl^ (^l + T + iq + 2)11^11^^^^ + ||VA_it;||^^ 
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This is the desired result. 

D 

Remark 3.7. If the velocity belongs to L^ Lip then the previous estimate becomes 
V 1 < p < oo , 2^? l|A,^llLfL- < II^°IIl- U + t + llVwIl^iio. j . 

4. Proof of Theorem 11.11 

This section is devoted to the proof of theorem 1 1.1[ For conciseness, we shall provide the 
a priori estimates supporting the claim of the theorem and give a complete proof of the 
uniqueness, while the proof of the existence part will be shortened and briefly described 
since it is somewhat contained in [E 



4.1. a Priori Estimates. The important quantities to bound for all times are the L°° 
norm of the vorticity and the Lipschitz norm of the velocity. The main step for obtain 
a Lipschitz bound is give an L°°-bound of the vorticity. We prove before an L^ estimate 
with p < oo and this allows us to bound the vorticity in L°°. We start then with the 
following one, 

Proposition 4.1. Let {a,p) e]l,2] x [l,oo[ , w° € L°° DLP, 6*° G B^J"' nL°°, and 
F £ C^(M, M). Then any smooth solution of the system (II. 1|) satisfies 

mt)\\Loo < ii0O||i-. 

• ||^(t)||L-nLP + llV^llii^oo < Coe^^K 

Proof. The first inequality is a direct consequence of Lemma |3. 11 For the second one, we 
start with the vorticity equation 

dtUj + vVLo = F^{9)di9 - F[{9)d2e. 

Taking the L^ norm we get 

rt / 2 



Ilp < ||^°||lp + I (^ Ili^'WIlL-) ||V^(r)||LP dr. 
Since ||-F'/(^)||l°° = sup |F/(6'(a;, t))|, then we have 



\Fl{e)\\L^ < sup |F/(x)| 

\x\^\\8\\ l^oo 

< sup \Flix)\. 

|xK||eo||ioo 



As F G (:^(R,R) and 6^ £ L°°, then 



Thus 



\FI{9)\\l^< sup \\VFi\\Lo^^C. 

Mt)\\LP<\\uJ^\\LP + 11^^911^1 LP- 
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To estimate ||V0||j^ij;^p, we use Bernstein inequality and Proposition 13.3^ we get 

+ t(||A_i0O||iP + ||^O||i^||a;||^i^p) 
< llflOn I irnOn n, ,|| 

~ Ir llfii-" + F \\l°^\\^\\l}lp 



~ 11^ llBi-"nL°°(l + II^IIlHp)- 



"p,i 



Therefore 



\Ht)\\LP < ||w°||lp + ||e°||^i-anL-(i + / II'^WIIl^^^)- 

^•^ JO 

Using Gronwall's inequality, we obtain then 

(4.1) Mt)\\Lv<Coe^'''. 

Where Cq is a constant depending on the initial data. We can now estimate \\uj 
For this we take the L°° norm of the velocity equation, we get 

Mt)\\L^ < ||c^°||l- + j (^ Ili^'WIlL-) ||V^(r)||Loo dr. 
Then we have 

II'^WIIl°° ^ I|w°IIl°° + l|V6'||ii^oo. 

Using the classical embedding B^^ ^ ^-> Lip(M^), we obtain 

ll^(*)lli°° ^ 11^ IIl°° + II^IIlibi ,• 

t CX3, 1 

We have from the definition of Besov space and Holder inequality, 

= C\\A_l9\\^^a^ +2_^2'^\\Aq6\\^^a<, 

qen 

Then we have 

116*11^151^ _^ < Ct\\e^\\Loo + 2_^2'^||Ag6'||^i^oo. 

<?eN 
We use now Proposition 13.51 we obtain then 

Y, 'i'W^qOhlL^ < Yl 2^(^"")||e°||L- (l+t+{q + 2)|[w||iiioo + WVA^ivWlilJ] . 
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Since a > 1, then the series \^2'^^^^°'' and 2^2'^^^^°'' {q + 2) are convergent. It follows 

(jGN qeN 

that 

Y, 2''||Ag^||iiioo < ||0°||l- (l + i + MIljloo + \\S/A.,v\\lIl^ 

gGN 
This implies that 

t oo,i \^ t £ 

< ||e°||L- (l + t + II^IIlIloo + ||Vf ll^i^p 

< ||6'°||l.o [l + t+ ||a;||^i^^ + ll^lliiip 
Therefore 

30 



We have used the classical result ||Vu||lp « II'^IIlp , Vp g]1,cx3[. Hence from (|4.ip and 
r2]). we get 



Jo 
According to Gronwall's inequality, one has 

(4.3) ||^(t)||L-<Coe^"*. 
Consequently 

(4.4) ||^(t)||L-nLp<Coe^°*. 
Plugging this estimate into ()4.2p gives 

(4.5) PhlBl^, < ^oe^°*. 
This gives in view of Besov embedding 

llV^ll^iioo < Coe^o*. 
This conclude the proof of the proposition. 

We shall now give a bound for the norm Lipschitz of the velocity. 



D 



Proposition 4.2. Under the same assumptions of Proposition \4-i\ and if in addition 



ijj 



S B^ ^and F € C'^(]R,M), then we have for every t G 



^t -"tx3,l 
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Proof. We decompose v in frequencies as 

vit) = A^iv{t) + Y^Agv{t) 



then we have 



\Vv{t)\\Lo. < ||VA_i-i;(t)||Loo+^||VAgw(i)||Lo 

< \\Vv{t)\\Lv+Y,\W^it)\\L^- 
g>0 



Hence 



(4.6) \\Vv{t)\\Lo. < Mt)\\LP + \\uj 



t oo.l 



Let us now turn to the estimate of ||a;||7oo no ■ We apply Proposition 12.51 to the vorticity 
equation, 



I^HL 



Zoo^o < f ||^°||bo ^ + / (l|5i(F2(0(r)))||^o + ||92(Fi(^(r)))||B0 Jdr) (l + ||V^Hl^i^„ 

^t -"00,1 \ °0.1 Jq oo.l 00,1 / \ t 

By the definition of Besov spaces and Lemma 12.41 we find : 

CX3, 1 00,1 

To estimate ||F2(0)||ri we use Theorem 12.81 

CX3,1 



\F2{9)\\bi < C sup m^^\x)\\L^\\e\\B^ 
\x\<c\\e\\Loo 






< C sup ||i^2 (^)llL-ll^lliJi 



< CM 

Therefore 



^L,i' 



~ II- iifii 



l|9i(F2(0))||^o ^ < „ _ ^ 

00,1 CXD.l 

Similarly, we obtain ||92(-^i(^))||_ro ^ II^IIbi • Finally we get 

00,1 00,1 

(4.7) ll^llZri^^, ^ {\\^'\\BO^, + mLlBl,){^ + \\^v\\LlL^) 

Putting together (J4.ip . (j4.5p . (j4.6p and (j4.7p and using Gronwall's inequality, we deduce 

(4.8) ||w||roooo +||V«(t)||Loo <Coe'="P^«*. 

t 00,1 

D 
Now we will describe the last part of the a priori estimates. 
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1+2 

Proposition 4.3. Let (a,p) S]l, 2]x]l, (X)[ , v^ € B .^ be a divergence free vector-field 
o/M2 ^ 00 (z B~J^ "^^ nL°° and F € C^(M,]R). Then for every p ^ 1 and for every t G M+, 

ll,-^ll ll^ll MM ^•-y pCXp C(]t 

6*1 - +6* , , 2 + k; ,,2<Coe^ 

Proof. For the first estimate \\6\\^ ^ ^ it suffices to combine Remark 13.71 with Lipschitz 
estimate of the velocity ()4.8p as follows 

Hence, it follows that 

" "rPRP ~ 

In order to prove the second estimate of the Proposition, we need to split the proof in two 
cases : s < 1 and s ^ 1 with s = —a + 1 H — . 

• First case s = —a + 1 + - < 1. We apply Proposition 13.21 to the temperature equation, 
we get 

Since 

V{t)= [ \\Vv{t)\\lo. dT ^ [ Coe'="P^""(ir^Coe'="P^o*. 
Jo Jo 

Finally, we obtain for the first case 

imii < n ^e^'^p'^ot 

* p,i 
— —vi -r 1 -r 
Holder's inequality 



Second case s = — a + l + - > 1. Applying once again Proposition 13.21 we get by 



Using Proposition 14.11 and (j4.8p . we obtain easily 

ll^jl 1+1 <Coe 1 + lkll -.+i+|). 

Now, applying Proposition 12.71 to the velocity equation we have 

ll^ll -.+1+1 < e^^W(|b°|| _^,^, + ||F(0)|| _^^,^,). 

For the ||F(0)|| _^+i_,_2 , we use Theorem 12.81 then we have 
^P.i " 

IIFWII -.+,+!< C sup ||F[""+'+fl+2(x)||i^| 



T-L-l 

p,l Fli<^IF"llL°° -"p,l 



s„i '^ \x\<c\m\ro. B, ""^'^^ 
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Since -a + 1 + | ^ 1, 3 < [-a + 1 + |] + 2 < 4 and F G C^(M, M), we deduce then 



\\F{e)\\ „.+i+|<|ie|| _„+,+a. 



B'" 



Hence we get 



II 11 ^ ri e'-^t'^O'- /i I ll/jll \ 

ll^ll _.+i+i <Coe 1 + 11^11 -.+i+|)- 

Consequently 

* P,l i P,l 

Iterating this procedure we get for n S N 

To conclude it is enough to choose n such that — (n+l)Q; + l + - < 1 and then we can 
apply the first case. Finally we get 

(4.9) ll^ll ,^2<Coe'"'''"''°\ 

Applying again Proposition 12.71 to the velocity equation, we obtain 

\Ht)\\.^ < e^^W(||.°|| a + ||F(^)|| .,a). 
p,i p,i t p,i 

As above, we use Theorem 12.81 for ||F(0)|| 1,2 we obtain 

■"p.l 



\\F{e)\\ ,^.<c sup \\F^'^>\x)\\L^\\e\\ ,^, 



Here [1 + ^] + 2 < 5, F G C^(M, M) and 6^ £ L°°, then we get 



We obtain from (14.9 



\\Fm ,^.<m ,^|. 



p.l t p. I 

Therefore 



|^;(t)|| i+|<Coe<^ 



D 



20 SAMIRA SULAIMAN 

4.2. A uniqueness result. In this paragraph, we will establish a uniqueness result for 
the system (jl.ip in the following space. 

At = (L5?LPnL^VF^'PnL^Lip) x (L^LPnL^(Sp^"^^^^nL°°)nL^Lip), 1< p < oo. 

We take two solutions {{vj,6j)}j^i for (jl.ip belonging to the space At, for a fixed time 
T > 0, with initial data (u°, 6°), j = 1, 2. We set 

v = f 2 — vi , 6 = 02 — 01 and p = P2 — Pi- 
Then we find the equations 

dtv + v2-S/v = -Vp -v-\/vi+ F{di) - F{02) 
dtO + V2-Ve + |D|"0 = -V ■ VOi 

Taking the U* norm of the velocity, we get 

\\v{t)\\Lv ^ \\v^\\lv+ I {\\v{T)\\Lp\\Vvi{T)\\L^ + \\Vp{T)\\Lv)dT+\\F{ei)-F{e2)\\^Lv 

Jo 
To estimate the pressure, we write the following identity with the incompressibility con- 
dition 

Vp = VA~Miv( -v\/vi + F{ei) - F{e2)) - VA~Miv(7;2 • Vi;). 

Since div('y2 • ^v) = div(f • Vf2), then 

Vp = VA-Miv {-V ■ V(fi + V2) + F{ei) - F{e2)) . 

Using the continuity of Riesz transform on L^ with 1 < p < oo, we get 

IIVpIIlp < ||^;||lp (||Vt;i||L- + ||Vt;2||L-) + 11^(^1) - F{e2)\\LP. 

Combining this estimate with the L^ estimate of the velocity we get 

\Ht)\\Lv < \\v°\\lp + / ||^(t)||lp(||V7;i(t)|1l- + \\Vv2{T)\\L^)dT + ||F(0i) - F{e2)h}LP- 

Jo 
Let us now estimate ||-F(0i) — F{92)\\]^iip. Applying Taylor formula at order 1, 

F{ei) - F{d2) = {01 - 02) f F' {02 + S (01 - 02)) ds. 

Jo 
Taking the L^ norm yields 

\\F{0i)-F{02)\\lp^\\0\\lv [ \\F'{02 + s{0i-02mL^ds. 

Jo 

Now we write 

\\F'{02 + s{0i-02))\\loo < sup \F'{x)\<C. 

|a;|<C||6»0||ioo 

Therefore 

\\Fi0l)-Fi02)hlLr'<m\L}L^- 



GLOBAL WELL-POSEDNESS FOR BOUSSINESQ SYSTEM 21 

Thus we obtain 

Ht)\\Lp < Wv'^Wlp + / Ht)\\lp (||V^;i(r)||L- + \\^V2{t)\\l^) dr + WeW^irr- 
Jo 

At this stage, we need to spht 9 into two parts 6 = 61+O2 where 9i and 62 solve respectively 
the following equations 

,^ ^Q^ f djOi + V2 • V^i + iD^^i = -V ■ V9i 

[ 6*114=0 = el- 
and 

,^^^. i dte2 + V2-V 02 + 1^^92 = 

\ 92\t=Q = G^- 

Taking the L^ norm of (j4.10p we obtain from Lemma |3.1|, 

\\0imLP< f \\v-V9i{T)\\LvdT < [ \\v{T)\\Lp\\V9i{T)\\L^dT. 

Jo Jo 

Integrating in time, we get 

||^l(t)||riLP <t [ \\vir)\\Lp\\V9i{T)\\L^dT. 

Jo 
Now, we apply the operator Ag to the equation (j4.1ip we have 

dtAg92 + V2 ■ VAg92 + |D|"Ag^2 = -[Ag, V2 ■ V]92. 

Taking the L^ norm of the above equation and using Proposition 13.31 Lemma 13.11 and 
Lemma 13.41 we obtain for Q' € N, 

IWHlil, < 2-i''\\Ag9°\\Lr + 2-'i" [ \\Vv2{r)\\L402{r)\\L^dT 

Jo 

< 2-«"||A,0O||iP+2-'?-||0O||Loo / \\Vv2(,T)\\LpdT. 

Jo 
Summing these estimates on q ^ —1 and using Lemma |3. II and Proposition 13.31 we find 

Y^ WAMlJLp < j;2-«°||A,^0||iP+J]2-'?"||eO||ioc / \\Vv2{T)\\LpdT+\\A^^92\\LlLP 
q^-1 q^O q^O *^ 

< V2-«"||A,^0||LP + ||^0||io. f \\Vv2[r)\\LvdT 

q-^O -^0 

+ t(||A_i0O||LP + ||eO||ioo I ||V^2(r)||Lpdr) 

Jo 
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Therefore 

IMlIlv < E W^MlIlp < ll^°ll -.+1+1 (1 + I|V7;2||l1lp). 
gt^l ^P,i nL- 

-a+l+- _ ~ ~ 

We have used the Besov embedding B . ^ ^^ B .. Now since d = 6i + 62, then we 
have 



\mLlLv<t I |b(T)||Lp||V^i(r)||i^dr+||0O|| _+,^2 (1+ / 
Combining this estimate with the L^ norm of the velocity, we find 



t 
\\yv2{T)\\Lvdr). 



v{t)\\LP < \\v''\\lv+ \\v{T)\\Lv{\\VviiT)\\Loo+\\Vv2ir)\\Loo)dT 





+ t I ||^;(T)||Lp||V^i(r)||Locdr+||^0|| _+,+ 2 (1 + / \\Vv2\\LpdT). 
Jo fip,i "r^L^ Jo 

Finally we get by Gronwall's inequality, 

(4.12) + ||^°|| _.+,+! \\Vv2hiLp)- 
This gives in turn 

(4.13) + ||^°|| _+,+! \\Vv2hiL,){t + l). 

The proof of the uniqueness part is now complete. 

4.3. Existence. Let us now outline briefly the proof of the existence of global solution to 
(jl.ip First we need to the following lemma (see [1] for the proof). 

Lemma 4.4. Lei s € M , (p, r) € [1, oop and G € B^,^{R'^). Then there exists G"^ ^ S 
such that for all e > there exist hq such that 

||G"-G||b. <e,Vn^no. 

If in addition G € L~(M^), then 

l|G'"|lL°°(Rd) ^ l|G'llL°°(Rd). 

And ifdivG = then divG" = 0. 
We consider the following system 

dtVn + Vn ■ V-y„ + Vpn = F{dn) 

^ ^ "^ div?;„, = 

'yn|t=0 = '^n,0 ) ^n.|t=0 = ^n.O- 
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By using the same method of [M] , we can prove that this system has a unique local solution 
{vn, On)- The global existence of these solutions is governed by Vn where 



exp C'ot 



Vn{t)= [ \\VVn{T)\\L^dT < [ Coc'^'' ^'^ dr < CqC 

Jo Jo 

Now from the a priori estimates the Lipschitz norm can not blow up in finite time and 
then the solution {vn,On) is globally defined. Once again from the a priori estimates we 
have 

11/111 MM M/IM ^ r^ gCxpCpT 

Wn, ~„ f + r^n 1+2 + K'n , -<:«+i+2x < <-^0e 

Then it follows that up to an extraction the sequence {vn,On) is weakly convergent to 

{v, 9) belonging to L??^^^^^ x Lf{L^ D Bp"~^^^^) D L^bI^oo- 

We will now prove that the sequence {vn,0n) is of a Cauchy in L^L^ x L^pL^. 

Let (n, ni) G N^ , Vn,ni = Vn — Vm and 9n,ni = On — ^m then according to the estimates 

([312]) and (|1I3|), we get 



gexp CqT^ _ _ _ 

Sp,l ^^L- 



bn,ni||L2?LP + ll^n,ni||LiLP < Cqe'^ (ll^n.O — VniflWlP + ||^n,0 — OnifiW -i-i^l 



This show that the sequence {vn,On) is of a Cauchy in the Banach space L^L^ x L^j.U' . 
Hence it converges strongly to {v,0). This allows us to pass to the limit in the system 
()4.14p and then we get that (v, 0) is a solution of the system (ll.ip . 

Let us now sketch the proof of the continuity in time of the velocity. From the definition 
of Besov space we have for A^ € N , T > and for t, i' G ]R+, 

^P.i q<N q>N 

(4.15) < C2^(i+f)||^(t)-7;(t')||Lp + 2 J]2''(^+F)||A,7;||i5?LP. 

q>N 

It remains then to estimate ||'y(t) — v[t')\\Lv. For this purpose we use the velocity equation 

dtv = -V{v-Vv) + VF{0). 

Where V denotes Leray projector. The solution of this equation is given by Duhamel 
formula 

v{t,x)=v^{x)- I V{v-Vv){T)dT+ I V{F{0{T)))dT. 
Jo Jo 

Hence it follows that for t,t' £ IR+, 

v{t,x)-v{t',x) = - I V{v-Vv){T)dT+ [ r{F{0{T)))dT. 
Jt' Jt' 
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Taking the L^ norm of the above equation and using the fact that the Leray projector V 
is continuously into L^, with 1 < p < oo we get then 

\Ht)-v{t')\\Lv < f \\{vVv){T)\\LvdT+ f \\F{e{T))\\L.dT 
Jt' Jt' 

< f \HT)U4'^v{T)\\L^dT + f \\F{e{T))\\L.dT 
Jt' Jt' 

(4.16) < \t-t'\\\v\\L^Lp\\yv\\L^L^+ f \\F{e{T))\\LvdT. 

Jt' 

We have used Holder's inequality and integration by parts for the first term of the above 
inequality. For the last term we use Taylor formula with F vanishing at 0, 



Thus 



Now, 



F{e) = e [ F'{se)ds. 

Jo 

\\F{9)\\lp < \\e\\Lp I \\F'{s9)\\L^ds 
Jo 



\F'{s9)\\l^< sup \F'{y)\<C. 



Hence it follows that 
which yields 



WFienLP < WeUr', 



\\FmrmLPdT< / \\e{T)UpdT<\t-t'\-^ 

If Jt' 

We use now Proposition 13.31 with p = 2, 



* 



IL^P- 



\l\lv < Yl ii^^^iil? 



LP 



</>-! 



< Y2-1^\\A,e''Up + We'h^wvvhi^,) 



q>0 

+ t^\\A^l6^\\LP + \\e^\\L^\\Vv\\Li 

< llflO II I llflOn II, ,11 

^ lie' II ^ + ||t7 ||L°°||W||riip 

-Q+l ' ^ 



LP ) 



r^ 



we have used the embedding B , ^ ^^ B \ (recall that a < 2). Therefore 

\\F{e{T))\\LpdT <\t- t'|l||0O|| _+,^a (1 + Ml.lp)- 
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Finally we obtain in ()4.16p 

\\v{t) - v{t')\\Lv < \t-t'\\\v\\L^Lp\\^v\\Lr'L^ + \t-t'\h\\e^\\ _^^,^2 (1 + ||w|| ri^p). 

Combining Proposition 14.11 and Proposition 14.21 with the inequalities (|4.15p and the pre- 
vious, we obtain 

\Ht)-v{t')\\ ,^, < 2^(^+i)f|t-t'||I^b^c.^,Coe^^«' + |t-t'|l||eO|| _^^^, Coe^oA 
(4.17) + 2^2'^(^+f)||A,^||,.5o^p. 

q>N 

We have by Proposition 14.31 that v G L^B ^ ^ , then for e > 0, there exists an integer N 
such that 

^2^(^+i)||A,.||L??L.<|. 

q>N 

It is enough to choose |t — i'| < f] such that 
Finally we find in (jilTl) that 



Ht)-v{t')\\ ,^2 <e. 



This proves the continuity in time of the velocity. 

4.4. Appendix: Generalized Bernstein inequality. The generalized Bernstein in- 
equality is proved in [9l [10] for < a < 2 and p > 2. Here we extend this inequality for 
the remaining case p €]1, 2]. More precisely, we have the following proposition. 

Proposition 4.5. We assume that a s]0, 1] andp > 1. Then we have for every G G 5(M^) 
and j E N, 

where c depend on p. 

Proof. We use the following Corollary (see |19] for the proof). 

Corollary 4.6. Let a €]0, 1] and p > 1. Then we have, 
p — 1 



p2 



|D|t|G|i||i2 < / {\B\''G)\G\P"hignGdx. 
Jr2 



It suffices thus to prove, 

c2^"||A,Gr^, <|||Dlt(|A,G|i)||i.. 
Let TV G N, we define AjG := Gj, then 
(4.18) |||D|(|G,|f)||i. <||5;v|D|(|G,|i)||^. + ||(/d-5;v)|D|(|G,|i)||^.. 



26 SAMIRA SULAIMAN 

Let s' > 0, then Bernstein inequality gives, 

\\{Id-SN)m\G,\m^, < j; ||A,(jD|(|G,|i))||^, 

k>N 
k>N 

< o-^s'llir* i§ll 

~ 2 |||Gj|2|| 1+,/ 

2,03 

(4.19) < 2"^^'|||G,|i||^,^.,. 

we have used in the last line the Besov embedding H^^'^ "^^ -^2 oo • 
To estimate |||Gj| 2 ||j|^i+a', we will use the following Lemma. 
Lemma 4.7. 1) Let j ^ 1 and s' e [0,7[n[0,2[. Then 
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2) For < 7 < 1 , {p,r) G [l,cx)]2 andO < s' < 1 + i. T/ien 
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The first estimate is a particular case of a general result due to [9]. The second is estab- 
lished by Sickel [20] (see also Theorem 1.4 of |18|). 
We use Lemma 14.71 -1) and Bernstein inequality for p > 2, with < s' < min{^ — 1, 2), 

p,2 p,2 

< 9^(1+''') 11/^.112 

For 1 < p < 2 : we use Lemma 14.71 -2) and Bernstein inequality with < s' < 1 H — , 
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We deduce thus from (|4.19p and Lemma 14.71 

(4.20) ||(/d-5,v)|D|(|G,-|i)||i2<2-^^'2^'(i+^')||G,- 
To estimate the first norm of (|4.18p . we use Bernstein inequality, 

\\SNm\G/2)\y < \\SN\B\'^^mH\G/m\L^ 

< 2^(i-t)||5^|D|f(|G,|f)||,. 

(4.21) < 2^(i-t)|||D|t(|G,|f)||,.. 
Putting ()i:20]) and (|i:2T]) into (|iT8]l . we get 

ll|D|(|G,|f)||,.<2^(i-t)|||D|t(|G,|f)||,.+2-^^'2^-(^+^')||G,| 
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According to Lemma A. 5 of [10], we have for 1 < p < oo, 



p 



p I 



.2^\\Gi\\h < IIID|(|GJ2 



Combining both last estimates we get, 

c,2^\\G,\\l < 2^(i-f)|||D|f (|G,|i)||^. +2^'0--^)2^||G,||i. 
Taking N - j = Ni such that 2~^i "' < k- Therefore 

c2^-°||G,r^, <|||D|t(|G,-|i)||i.. 
with c depend on p. This proves the Proposition. D 
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